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ON FIXED-POINT SETS IN THE BOUNDARY OF A
CAT(0) SPACE
TETSUYA HOSAKA
Abstract. In this paper, we investigate the fixed-point set of
an element of a CAT(0) group in its boundary. Suppose that a
group G acts geometrically on a CAT(0) space X . Let g ∈ G
and let Fg be the fixed-point set of g in the boundary ∂X . Then
we show that Fg = L(Zg), where Zg is the centralizer of g (i.e.
Zg = {v ∈ G| gv = vg}) and L(Zg) is the limit set of Zg in ∂X .
Thus we obtain that Fg 6= ∅ if and only if the set Zg is infinite. We
also show that if g is a hyperbolic isometry, then Fg = ∂Min(g),
where ∂Min(g) is the boundary of the minimal set Min(g) of g.
This implies that the fixed-point set Fg and the periodic-point set
Pg of g in ∂X have suspension forms.
1. Introduction and preliminaries
The purpose of this paper is to study the fixed-point set of an element
of a CAT(0) group in its boundary.
We say that a metric space (X, d) is a geodesic space if for each
x, y ∈ X , there exists an isometric embedding ξ : [0, d(x, y)]→ X such
that ξ(0) = x and ξ(d(x, y)) = y (such ξ is called a geodesic). Also a
metric space (X, d) is said to be proper if every closed metric ball is
compact.
Let (X, d) be a geodesic space and let T be a geodesic triangle in X .
A comparison triangle for T is a geodesic triangle T in the Euclidean
plane R2 with same edge lengths as T . Choose two points x and y in T .
Let x¯ and y¯ denote the corresponding points in T . Then the inequality
d(x, y) ≤ dR2(x¯, y¯)
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is called the CAT(0)-inequality, where dR2 is the natural metric on
R
2. A geodesic space (X, d) is called a CAT(0) space if the CAT(0)-
inequality holds for all geodesic triangles T and for all choices of two
points x and y in T .
Let X be a proper CAT(0) space and x0 ∈ X . The boundary of X
with respect to x0, denoted by ∂x0X , is defined as the set of all geodesic
rays issuing from x0. Then we define a topology on X ∪ ∂x0X by the
following conditions:
(1) X is an open subspace of X ∪ ∂x0X .
(2) For α ∈ ∂x0X and r, ǫ > 0, let
Ux0(α; r, ǫ) = {x ∈ X ∪ ∂x0X | x 6∈ B(x0, r), d(α(r), ξx(r)) < ǫ},
where ξx : [0, d(x0, x)]→ X is the geodesic from x0 to x (ξx = x
if x ∈ ∂x0X). Then for each ǫ0 > 0, the set
{Ux0(α; r, ǫ0) | r > 0}
is a neighborhood basis for α in X ∪ ∂x0X .
This is called the cone topology on X∪∂x0X . It is known that X∪∂x0X
is a metrizable compactification of X ([1], [2]).
Let X be a geodesic space. Two geodesic rays ξ, ζ : [0,∞) → X
are said to be asymptotic if there exists a constant N such that
d(ξ(t), ζ(t)) ≤ N for each t ≥ 0. It is known that for each geodesic
ray ξ in X and each point x ∈ X , there exists a unique geodesic ray ξ′
issuing from x such that ξ and ξ′ are asymptotic.
Let x0 and x1 be two points of a proper CAT(0) space X . Then
there exists a unique bijection Φ : ∂x0X → ∂x1X such that ξ and Φ(ξ)
are asymptotic for each ξ ∈ ∂x0X . It is known that Φ : ∂x0X → ∂x1X
is a homeomorphism ([1], [2]).
Let X be a proper CAT(0) space. The asymptotic relation is an
equivalence relation in the set of all geodesic rays in X . The boundary
of X , denoted by ∂X , is defined as the set of asymptotic equivalence
classes of geodesic rays. The equivalence class of a geodesic ray ξ is
denoted by ξ(∞). For each x0 ∈ X and each α ∈ ∂X , there exists a
unique element ξ ∈ ∂x0X with ξ(∞) = α. Thus we may identify ∂X
with ∂x0X for each x0 ∈ X .
Let X be a proper CAT(0) space and G a group which acts on X by
isometries. For each element g ∈ G and each geodesic ray ξ : [0,∞)→
X , a map gξ : [0,∞) → X defined by (gξ)(t) := g(ξ(t)) is also a
geodesic ray. If geodesic rays ξ and ξ′ are asymptotic, then gξ and gξ′
are also asymptotic. Thus g induces a homeomorphism of ∂X and G
acts on ∂X .
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A geometric action on a CAT(0) space is an action by isometries
which is proper ([1, p.131]) and cocompact. We note that every CAT(0)
space on which a group acts geometrically is a proper space ([1, p.132]).
Details of CAT(0) spaces and their boundaries are found in [1] and
[2].
Suppose that a groupG acts geometrically on a CAT(0) spaceX . For
a subset A ⊂ G, the limit set L(A) of A is defined as L(A) = Ax0∩∂X ,
where x0 ∈ X and Ax0 is the closure of the orbit Ax0 in X ∪ ∂X . We
note that the limit set L(A) is determined by A and not depend on
the point x0. For g ∈ G, we define Fg and Fg as the fixed-point sets
of g in X and ∂X respectively, that is, Fg = {x ∈ X| gx = x} and
Fg = {α ∈ ∂X| gα = α}. By [1, Corollary II.2.8 (1)], we see that
Fg 6= ∅ if and only if the order o(g) of g is finite, since the action of
G on X is proper. In this paper, we investigate Fg. We prove the
following theorem in Section 2.
Theorem 1.1. Suppose that a group G acts geometrically on a CAT(0)
space X. For g ∈ G, Fg = L(Zg), where Zg is the centralizer of g, i.e.,
Zg = {v ∈ G| gv = vg}.
For a subset A ⊂ G, L(A) 6= ∅ if and only if A is infinite. Hence
Theorem 1.1 implies the following corollary.
Corollary 1.2. Suppose that a group G acts geometrically on a CAT(0)
space X. For g ∈ G, Fg 6= ∅ if and only if Zg is infinite.
We can obtain the following corollary from Corollary 1.2.
Corollary 1.3. Suppose that a group G acts geometrically on CAT(0)
spaces X and X ′. For g ∈ G, Fg 6= ∅ if and only if F
′
g 6= ∅, where Fg
and F ′g are the fixed-point sets of g in ∂X and ∂X
′ respectively.
Let X be a CAT(0) space and let g be an isometry of X . The
translation length of g is the number |g| := inf{d(x, gx) | x ∈ X}, and
the minimal set of g is defined as Min(g) := {x ∈ X | d(x, gx) = |g|}.
An isometry g of X is said to be hyperbolic, if Min(g) 6= ∅ and |g| > 0
(cf. [1]).
We also prove the following theorem in Section 2.
Theorem 1.4. Let g be a hyperbolic isometry of a proper CAT(0)
space X. Then the fixed-point set of g in ∂X is Fg = ∂Min(g), where
∂Min(g) is the boundary of the minimal set Min(g) of g.
For a hyperbolic isometry g of a CAT(0) space X , Min(g) is the
union of the axes of g and Min(g) splits as a product Y1× Im σ, where
σ : R→ X is an axis of g ([1, p.231]). Hence ∂Min(g) is the suspension
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∂Y1 ∗ {g
−∞, g∞}. Theorem 1.4 implies that the fixed-point set Fg has
a suspension form. Let Pg be the periodic-point set of g in ∂X . Then
Pg =
⋃
n∈N
Fgn =
⋃
n∈N
∂Min(gn).
Hence the periodic-point set Pg of g is also a suspension form.
We obtain the following corollary from Theorems 1.1 and 1.4.
Corollary 1.5. Suppose that a group G acts geometrically on a CAT(0)
space X. For g ∈ G such that o(g) =∞, Fg = L(Zg) = ∂Min(g).
2. Proof of the main theorems
We first prove Theorem 1.1.
Proof of Theorem 1.1. Suppose that a group G acts geometrically on
a CAT(0) space X . Let g ∈ G and let x0 ∈ X .
We first show that Fg ⊂ L(Zg). Let α ∈ Fg and let ξ : [0,∞) → X
be the geodesic ray such that ξ(0) = x0 and ξ(∞) = α. Since α ∈
Fg, gα = α. Hence the geodesic rays ξ and gξ are asymptotic, and
there exists a number M > 0 such that d(ξ(t), gξ(t)) ≤ M for any
t ≥ 0. Since the action of G on X is cocompact and X is proper,
GB(x0, N) = X for some N > 0. For each i ∈ N, there exists vi ∈ G
such that d(ξ(i), vix0) ≤ N . Then
d(x0, v
−1
i gvix0) = d(vix0, gvix0)
≤ d(vix0, ξ(i)) + d(ξ(i), gξ(i)) + d(gξ(i), gvix0)
≤ 2N +M,
because d(vix0, ξ(i)) ≤ N and d(ξ(i), gξ(i)) ≤ M . Since the action of
G on X is proper, the set {h ∈ G| d(x0, hx0) ≤ 2N + M} is finite.
Hence there exists g′ ∈ G such that {i ∈ N| v−1i gvi = g
′} is infinite. Let
{ij| j ∈ N} = {i ∈ N| v
−1
i gvi = g
′}. Then v−1ij gvij = g
′ for each j ∈ N,
and
v−1ij gvij = g
′ = v−1i1 gvi1 .
Hence g = (vijv
−1
i1
)g(vi1v
−1
ij
). Thus vijvi1 ∈ Zg for each j ∈ N. Here we
note that vijv
−1
i1
6= vij′v
−1
i1
if j 6= j′. Since {vijx0| j ∈ N} converges to α
in X ∪∂X , {vijv
−1
i1
x0| j ∈ N} converges to α. Hence α ∈ L({vijv
−1
i1
| j ∈
N}) ⊂ L(Zg). Thus Fg ⊂ L(Zg).
Next, we show that Fg ⊃ L(Zg). Let α ∈ L(Zg). There exists a
sequence {vi| i ∈ N} ⊂ Zg such that {vix0| i ∈ N} converges to α in
X ∪ ∂X . For each i ∈ N, gvi = vig. Here the sequence {gvix0| i ∈ N}
converges to gα and {vigx0| i ∈ N} converges to α. Thus gα = α, i.e.,
α ∈ Fg.
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Therefore Fg = L(Zg). 
Next we prove Theorem 1.4.
Proof of Theorem 1.4. Let g be a hyperbolic isometry of a proper
CAT(0) space X and let x0 ∈ Min(g).
We first show that Fg ⊂ ∂Min(g). Let α ∈ Fg and let ξ : [0,∞)→ X
be the geodesic ray such that ξ(0) = x0 and ξ(∞) = α. Since α ∈ Fg,
gα = α. Hence the geodesic rays ξ and gξ are asymptotic. Now
d(x0, gx0) = |g| because x0 ∈ Min(g). Hence
d(ξ(t), gξ(t)) ≤ d(ξ(0), gξ(0)) = d(x0, gx0) = |g|.
This means that d(ξ(t), gξ(t)) = |g| and ξ(t) ∈ Min(g) for each t ≥ 0.
Hence Im ξ ⊂ Min(g) and α ∈ ∂Min(g). Thus Fg ⊂ ∂Min(g).
Next we show that Fg ⊃ ∂Min(g). Let α ∈ ∂Min(g) and let ξ :
[0,∞) → X be the geodesic ray such that ξ(0) = x0 and ξ(∞) = α.
Then Im ξ ⊂ Min(g), since α ∈ ∂Min(g) and Min(g) is convex. Hence
ξ(t) ∈ Min(g) and d(ξ(t), gξ(t)) = |g| for any t ≥ 0. This means that ξ
and gξ are asymptotic and α = gα, i.e., α ∈ Fg. Thus Fg ⊃ ∂Min(g).
Therefore Fg = ∂Min(g). 
3. Remarks
Let g be a hyperbolic isometry of a proper CAT(0) space X . For
each n ∈ N, Fgn = ∂Min(g
n) by Theorem 1.4. We note that an axis of
g is also an axis of gn for each n ∈ N. Then the minimal set Min(gn)
of gn splits as a product Min(gn) = Yn × Im σ, where σ : R→ X is an
axis of g (cf. [1]). Here Yn ⊂ Ykn for each n, k ∈ N. The fixed-point set
of g in ∂X is
Fg = ∂Min(g) = ∂(Y1 × Im σ) = ∂Y1 ∗ {g
∞, g−∞}.
Also the periodic-point set of g is
Pg =
⋃
n∈N
Fgn =
⋃
n∈N
∂Min(gn)
=
⋃
n∈N
∂(Yn × Im σ) = (
⋃
n∈N
∂Yn) ∗ {g
∞, g−∞}.
Thus the fixed-point set and the periodic-point set of g have suspension
forms.
Let A be the union of geodesic lines which are parallel to an axis σ
of g. Then A splits as a product Y × Im σ. By the above argument,
Pg =
⋃
n∈N ∂Min(g
n) ⊂ ∂A and
⋃
n∈N ∂Yn ⊂ ∂Y .
Here the following problem arises.
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Problem 3.1. Is it always the case that Pg = ∂A (i.e.
⋃
n∈N ∂Yn =
∂Y )?
Let g be a hyperbolic isometry of a Gromov hyperbolic space X .
By an easy argument, we see that the fixed-point set Fg of g in the
boundary ∂X is the two-points set {g∞, g−∞}. Also for each α ∈
∂X \ {g−∞}, the sequence {giα | i ∈ N} converges to g∞ in ∂X .
Here the following problem arises.
Problem 3.2. Let g be a hyperbolic isometry of a proper CAT(0)
space X and let A be the union of geodesic lines which are parallel to
an axis σ of g. Is it the case that for each α ∈ ∂X \ ∂A, the sequence
{giα | i ∈ N} converges to g∞ in ∂X?
Also the following problem arises.
Problem 3.3. Suppose that a group G acts geometrically on a
CAT(0) space X . Is it always the case that there do not exist
g ∈ G and α, β ∈ ∂X such that lim supn→∞d∂X(g
nα, gnβ) > 0 and
lim infn→∞d∂X(g
nα, gnβ) = 0?
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